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Abstract
We evaluate B ! K decay amplitudes in perturbative QCD picture. This result is
compared with results of factorization approximation. We shall show that pQCD gives
dynamical enhancement of penguin operators by nearly 50%. It is also shown that ani-
hilation diagrams are not negligible. In fact they give large contribution and that they
give large nal state interaction phase. We also present our results for branching ratios
for B ! K for representative parameter set.




Factorization assumption(FA) for nonleptonic two body B and D decays pioneered by Stech
and his collaborators1 has been extreamly successful. It gives correct order of magnitude for
branching ratios for most of the two body B decays. Why does it work so well?
With recent CLEO2;3 data on B !  and B ! K, we need not only order of magnitude
predictions but quantitative predictions for these decays. As asymmetric B factories which are
eventually capable of producing almost 108 B’s per year started their operation, quantitative
theoretical understanding will allow us to extract CP phases hidden in these branching ratios.
How can we go beyond FA?
To answer this question, we need to have a method to go beyond FA. The fact that 5GeV
of energy is released and is shared by two light mesons suggests that the basic interaction is
short-distance dominated. So, we attempt to compute these decay amplitudes using as much
information from the underlying theory, QCD, as possible.
Factorization theorems have been worked out by Li and his collaborators 4−9 using the
formalism developed by Brodsky and Lapage10, and Botts and Sterman11.
Theorem (Factorization) : Since MB  QCD and MK  M  0, the decay amplitude
can be written as a convolution of four factors:
M(B ! K) =
Z
d[x]d[b]d[k?]B(x1; b1; k1?)⊗K(x2; b2; k2?)⊗(x3; b3; k3?)⊗H([x]; [b]; [k?])
(1)
where B;K; is the wave function for particle B; K; , respectively, and H([x]; [b]; [k?]) is an
amplitude for heavy quark decay with perturbative QCD (pQCD) corrections. The convolution
is obtained by integrating over all internal four momenta, we have suppressed Dirac and color
indecies for convoluted functions. We shall not discuss the proof of the theorem here. This has
been discussed extensively in the literarture refered above. Also, such a discussion will take
much away from the main purpose of this article, namely to understand what is happening
physically in these decays.
Let us take one denite amplitude for B ! K deacy. Consider the diagram shown in Fig.1.
B meson is seen as a bound state of b and d quarks. The b ! suu decay occurs. The pair of
quarks s and u fly away and form K− meson. What are the other quarks toing? The spectator
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d quark is more or less at rest and u quark is flying away. The probability that a quark and
antiquark with large relative velocity form a bound state of + is suppressed by the pion wave
function. How big is the suppression? It depends on the functional form of the wave function.
It is safe to say that this suppression from the wave function is exponential. If this is so, we
expect that the dominant contribution to Eq. (1) comes the process where a gluon is exchanged
so that d quark momentum and u quark momentum are aligned to form a pion. The rectangle
dotted box encloses the interaction which is hard. The blobs represent wave functions giving
amplitudes for a quark and antiquark to form a hadron.
Here are some important questions:
1. How do we know that we need that gluon exchange in H([x]; [b]; [k?])? Here [x] is a short
hand for x1; x2; x3 and similarly for other variables.
2. How do we know that we can compute H([x]; [b]; [k?]) using perturbative QCD. Is it really
short distance dominated?
3. Note that Fig.1(a), is factorizable, i.e.it can be written in terms of B !  transition form
factor, FB!, and fK . This is the amplitude included in FA. FA assumes Fig.1(b), which
can not be written in terms of form factors, to be negligible compared to Fig.1(a).
Is non-factorizable amplitude negligible compared to factorizable ones? We have made
a numerical study of this question. While it is important to always check the relative
size, we have found that the nonfactorizable contribution, with the topology shown in
Fig.1(b), is orders of magnitude smaller than the factorizable contribution Fig.1(a). This
is the reason FA has been so successful. An exception is in B ! D decays where some
nonfactorizable contribution can be as much as 30%. Actually, the experimental fact that
a2=a1  0:2 requires large contribution from a nonfactorizable amplitude.
4. It is well known13 that the role of penguins is important in explaining the observed
B ! K;  branching ratios. How big are penguin graphs?
5. Are anihilation diagrams really negligible?
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6. How big are nal state interactions? It is not possible to compute the nal state interac-
tion phase in FA. We will show that contrary to common belief, anihilation diagrams are
important-in fact they give large nal state interaction phase.
We rst list, for completness, factorizable pQCD amplitudes15 corresponding to Fig.1(a),
and Fig.2(a) with four fermi interactions O2; O4; and O6:









f[(1 + x3)(x3) + r(1− 2x3)0(x3)]he(x1; x3; b1; b3)EiB(t)
+2r
0
(x3))he(x3; x1; b3; b1)E
i
B(t)g









2rKf[(x3) + r(2 + x3)0(x3)]E6B(t)he(x1; x3; b1; b3)
+ [x1(x3) + 2r(1− x1)0(x3)]E6B(t)he(x3; x1; b3; b1)g







f[x3K(x2)(x3) + 2rrK(1 + x3)0K(x2)0(x3)]E4K(t)ha(x2; x3; b2; b3)
− [x2K(x2)(x3) + 2rrK(1 + x2)0K(x2)0(x3)]E4K(t)ha(x3; x2; b3; b2)g ;
















K(t)ha(x3; x2; b3; b2)g ; (2)
where
he(x1; x2; b1; b2) = K0(
p
x1x2MBb2)
 [(b1 − b2)K0(px1MBb1)I0(px1MBb2) + (b2 − b1)K0(px1MBb2)I0(px1MBb1)] (3)























EiK(t) = s(t)ai exp[−SK(t) − S(t)] arises from summing innite number of infrared gluons
which give double logalithms(Sudakov factor) and log factor connecting the wave function at
ti and 1=bi. F (B ! ) is given by taking a1(t) = C2(t) + C1(t)=3, (V − A)(V − A) penguin
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is given by taking a4 = C4(t) + C3(t)=3. (S + P )(S − P ) penguin has a dierent integrant
reflecting the dierent helicity structure. Here aP = C6(t) + C5(t)=3. Note that each integral
is accompanied by h(xi; xj ; bi; bj). The value of t is chosen by t = max(
p
xj ; 1=bi; 1=bj).
The pseudovector and pseudoscalar pion wave functions  and 
0

















h0j d(y+)γ5u(0)ji ; (6)
For the B meson wave function, we adopt the model
















with the shape parameter !B = 0:4 GeV
16. The normalization constant NB, which is related









fx(1− x)[1 + c0(5(1− 2x)2 − 1)] ; (9)
with the shape parameters c and c
0








fKx(1− x)[1 + c0K(5(1− 2x)2 − 1)] : (11)
K is derived from QCD sum rules
17, where the second term 1 − 2x, rendering K a bit
asymmetric, corresponds to SU(3) symmetry breaking eect. The decay constant fK is set to
160 MeV (in the convention f = 130 MeV). FB = 190MeV; QCD = 250MeV; !B = 0:4GeV.
Note that we have included the intrinsic b dependence for the heavy meson wave function B
but not for the light meson wave functions  and K . It has been shown that the intrinsic b
dependence of the light meson wave functions results in only 5% reduction of the predictions
for the B !  form factor and is not important 4. It is reasonable to assume that the intrinsic b
dependence of the kaon wave function, which is still unknown, is not essential either. Hence, we
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shall not consider this dependence for consistency. As the transverse extent b approaches zero,
the B meson wave function B(x; b) reduces to the standard parton model (x), i.e., We do
not distinguish the pseudovector and pseudoscalar components of the B meson wave functions
under the heavy quark approximation. They have roughly the same normalizations because of
MB=(mb +md)  1.
 Is pQCD legitimate? : We must show that pQCD allows us to compute two body
decay amplitudes. Let us examine the transition form factor FB!. We shall study where the
doninant contribution to the integral in Eq.(6) comes from. Fig.3 shows fractional contribution
to the convolution integral as a function of s(t)=. We see that 97% of the contributiion
comes from s(t)= < :3. So, the result is well within the perturbative region for the hard part
H([x]; [b]; [k?]). This shows that
a The physical picture we have given for what is happening in the decay process Fig.1(a)
is indeed correct. If there is no gluon there to turn the momenta of quarks so that they
form K and , there will be suppression from wave functions.
b H([x]; [b]; [k?]) is indeed short distance dominated and we can rely on the perturbative
expansion.
 Fat penguins in pQCD : Now that we know we can compute the factorizable matrix
element for O1 and O2, let us see how matrix elements for penguin operators can be computed.
It should be noted that unlike C2, C4, and C6 have steep  dependence as shown in Fig.4. In
FA, the resulting amplitude depends crucially on the matching scale. Normally it is taken to
be MB=2, but there is no theoretical basis for this choice.
One of the main advantage is that in pQCD approach is that there is no matching scale.
pQCD instructs us to compute t for each integration point. Since there is good fraction of con-
tribution comming from t < (MB=2)
2, we nd that pQCD predicts larger penguin contribution
than FA.
The diagram we analize rst is same as Fig.1(a) except the four fermi interaction is O4 and
O6 instead of O1 and O2. The pQCD amplitude for factorizable contribution to the matrix
element of O6 and O4 are given by:
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This amplitude is larger than the corresponding amplitude evaluated by FA by a factor of
1.6. Penguin amplitude for O4 is enhanced by a similar factor. Note also that there is no such










Thus pQCD predicts about 50% dynamical enhancement of the penguin amplitudes - pen-
guins are dynamically fattened. The fact that penguin amplitudes are large in pQCD due to
sharp increase in C6(t) as t decreases makes us worry that the contribution comes from the
small t region. This may invalidate the perturbative expansion of H([x]; [b]; [k?]). For this
purpose, we show, in Fig.5, the fractional contribution to the convolution integral as a function
of s(t)=. This shows that the majority of the contribution comes from s(t)= < 0:4. So,
the gluon is still hard, and the amplitude is short distance dominated.
 Imaginary annihilating penguins : There has been a wide spread folklore that the
anihilation diagrams give negligible contribution as two quarks must meet within the distance
1=MW and such amplitude is suppressed by a factor  (0), the wave function at the origin,
which is proportional to fB. So, the amplitude is suppressed by fB=MW . In pQCD picture, all
amplitudes are proportional to fB. Note that the transition form factor f
b!
+ , for example, is
also proportional to fB. So, there is no speciall factor which suppresses the anihilation diagram.
Following is the result of numerical evaluation:
Amplitude Real part Imaginary part
Fe 55.77 0
F Pe -5.54 0
F Pa 0.33 3.18
Table 1: Magnitude of Amplitudes in units of 10−2.
Evaluation of F Pa6 shows that the strong phase associated with this diagram is nearly 90
.
This can be understood by examining Fig.2. It is seen that B− ! su ! K−0 pocesses a
physical intermediate state. The intermediate state (su) in B− ! su! K−0 represent large
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Branching ratio pQCD prediction CLEO(average)
Br(B+ ! K0+) 20:22 10−6 (18:2+4:6−4:0  1:6) 10−6
Br(B− ! K0−) 19:79 10−6 (18:2+4:6−4:0  1:6) 10−6
Br(B0d ! K+−) 22:74 10−6 (17:2+2:5−2:4  1:2) 10−6
Br B0d ! K−+) 15:50 10−6 (17:2+2:5−2:4  1:2) 10−6
Br(B+ ! K+0) 11:40 10−6 (11:6+3:0+1:4−2:7−1:3) 10−6
Br(B− ! K−0) 7:89 10−6 (11:6+3:0+1:4−2:7−1:3) 10−6
Br(B0d ! K00) 8:81 10−6 (14:6+5:9+2:4−5:1−3:3) 10−6
Br( B0d ! K00) 9:25 10−6 (14:6+5:9+2:4−5:1−3:3) 10−6
Table 2: pQCD predictions of branching ratio for representative set of parameters. More
exshaustive scann of all parameter space will be performed when all other decay modes are
computed.
number of hadronic states to which B decays to and subsequently form K−0 state. Of cause,
the probability for this happening is suppressed appropriately by wave functions.
Note that the presence of nal state interaction in these diagrams does not contradict color
transparancy argument12. Indeed exchange of gluons between nal state hadrons is suppressed
due to that fact that soft gluon sees the color singlet hadron rather than the quarks.
 Br(B ! K) : We present here results of our numerical evaluation of various B ! K
branching ratio. As we have not performed an exhaustive study of the parameter space, it is
meant to be an example. When all other two body decay modes are computed, we shall present
an exshaustive study of the entire parameter space.
We have shown that pQCD allows us to compute matrix elements of various four fermi
operators. While factorization approach gives reliable estimates for O1 and O2 operators as
their Wilson coecients are nearly constant in t, matrix elements for penguin operators is
another story. pQCD results dier from FA results by as 50% for penguin operators, with the
topology shown in Fig.1(a), because of sharp t dependence of the Wilson coecients. We have
also pointed out that penguin anihilation diagram give important contributions. They are not
negligible as claimed by FA. More importantly, they give large nal state interaction. Finally,
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branching ratios from CLEO can be understood within the framework of pQCD.
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